HYPER-KAHLER QUOTIENTS OF SOLVABLE LIE GROUPS 

M. L. BARBERIS, I. DOTTI, AND A. FINO 

Abstract. In this paper we apply the hyper-Kahler quotient construction to Lie groups 
with a left invariant hyper-Kahler structure under the action of a closed abelian subgroup 
by left multiplication. This is motivated by the fact that some known hyper-Kahler 
metrics can be recovered in this way by considering different Lie group structures on IW x 
H'' (H: the quaternions). We obtain new complete hyper-Kahler metrics on Euclidean 
spaces and give their local expressions. 



1. Introduction 

Hyper-Kahler reduction allows to construct hyper-Kahler manifolds from others that 
admit a group acting by tri-holomorphic isometries JSj. Families of An dimensional hyper- 
Kahler quotients admitting a tri-holomorphic T"-action were constructed in [SJ In 
particular, in |j2| the geometry and topology of hyper-Kahler quotients of M.'^ by subtori 
of T'^ has been studied. 

The hyper-Kahler quotient construction has been also applied in |^ to the flat space 
to obtain some monopole moduli space metrics in explicit form using jTUlEi; ^^^^ instance 
the Taubian-Calabi JH] and the Lee- Weinberg- Yi metric ^T]. These are constructed by 
considering the following actions of M on HI x H™ (resp. on x H™): 

M X e X ^ e X 

{t,{q,wi, . . . ,Wm)) {t + q,e'''wi, . . . ,e'^Wm), 

{(ti, . . .,tm), {qi, . . .,qm,Wi,.. .,Wm)) 

where 9 G GL(m,]R), T = (ti, . . . ,tm), Op are the rows of 6 and ( , ) is the Euclidean 
inner product in M™. The first action gives rise to the Taubian-Calabi metric, which 
coincides with the Taub-Nut metric for g = 1, and the second one corresponds to the 
Lee- Weinberg- Yi metric. We show that in both cases the metric can be recovered by 
endowing EI x (resp. x H"^) with a hyper-Kahler Lie group structure and taking 
the quotient with respect to a suitable closed abelian subgroup. 
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In the present work we study hyper-Kahler quotients starting from a Lie group G with 
a left invariant hyper-Kahler structure. Such a group is necessarily flat since it is Ricci 
flat and homogeneous (see P). It follows from 12 that G must be 2-step solvable and 
when G is simply connected, G is a semidirect product of the form EP k^IHI'', where ^ is a 
homomorphism from IP to T'^, a maximal torus in Sp(g) (see Proposition 13 . II and (fT^ V 
This leads us to get a characterization of hyper-Kahler Lie groups. 

We take a connected closed abelian subgroup M! {I < p) of IF which acts on G by 
left translations, hence the action is free and the moment map has no critical points. 
This action is tri-Hamiltonian, therefore the hyper-Kahler quotient construction |H] can 
be applied. We prove that the metric obtained on the hyper-Kahler quotient is complete 
and the quotient is diffeomorphic to an Euclidean space. Since the M'-action commutes 
with an action of the torus T'^, if I = p the 4q'-dimensional hyper-Kahler quotient admits 
a tri-holomorphic T'^-action. Such action has a unique fixed point when p = q. In this 
way we obtain new complete hyper-Kahler metrics which generalize the Taubian-Calabi 
and the Lee- Weinberg- Yi metrics. Using the same method as in I^EIEI; we obtain a 
local expression of the hyper-Kahler quotient metrics. This expression is given in terms 
of the structure constants of the corresponding Lie group IF iKg M.'^. 

Acknowledgments. The authors thank Andrew Swann for useful comments and Nigel 
Hitchin for helpful suggestions. The first and third authors are grateful for the hospitality 
at the International Erwin Schrodinger Institute for Mathematical Physics in Vienna 
during the program "Geometric and analytic problems related to Cartan connections " . 

2. Preliminaries 

Let [q, g) be a metric Lie algebra, that is, is a Lie algebra endowed with an inner 
product g. The Levi Civita connection associated to the metric can be computed by 

(1) 2g{VxY,Z) = g{[X,Y],Z) - gi[Y,Z],X) + gi[Z,X],Y)), 

for any X,Y, Z in q. 

A hypercomplex structure on g is a triple of complex structures {Ja}a=i,2,3 satisfying 
the quaternion relations 

Jl = -id, a = 1, 2, 3, J1J2 = -J2J1 = J3, 

together with the vanishing of the Nijenhuis tensor Na{X, Y) = 0, for any X,Y & q and 
a = 1,2, 3. Here, the Nijenhuis tensor stands for 

N^{X, Y) = U[X, Y] - [J^X, J^Y]) - ([J,X, Y] + [X, J^Y]), 

where X,Y E g. 

Let be a Lie algebra endowed with a hypercomplex structure { Ja}a=i,2,3 and an inner 
product g, compatible with the hypercomplex structure, that is 

g{X, Y) = g{J^X, J^Y) = g^J^X, J^Y) = g{J^X, J^Y), 
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for all X, y G g. We will say that (g, { Jq,}, (7) is a hyper-Kahler Lie algebra when {q, Ja, g) 
is a Kahler Lie algebra, for each a, that is, V Jq = 0, where V is the Levi-Civita connection 
of g. This is equivalent to dua = 0, where uoa are the associated Kahler forms defined by 
uJa{X,Y) = g{J^X,Y), X,FG0. 

If G is a Lie group with Lie algebra g then the above structures on g can be left 
translated to all of G obtaining invariant hyper-Kahler structures on G. 

Note that a Lie group with an invariant hyper-Kahler structure is necessarily flat since 
a hyper-Kahler metric is Ricci fiat and in the homogeneous case, Ricci flatness implies 
flatness (see ^). Examples of non commutative Lie groups carrying a flat invariant 
metric are given by k where is a torus in SO(m). The next proposition, which 
is a consequence of the characterization of flat Lie algebras given in ^21, shows that 
this family of examples essentially exhausts the class (see also [5). This will allow us to 
give a characterization of hyper-Kahler Lie algebras as a special class of subalgebras of 
W X e(4g), where e(4g) = so(4g) x M"^^ is the Euchdean Lie algebra. 

Proposition 2.1 (J2])- Let {Q,g) be a flat Lie algebra. Then g decomposes orthogonally 
as 

where 3(g) is the center of q, f) is an abelian Lie subalgebra, the commutator ideal is 
abelian and the following conditions are satisfied: 

i) ad: i) ^ 3o{q^) is injective and g^ is even dimensional; 

li) adx = Vx for any X G 3(g) © I). 

In particular, g is isomorphic to a Lie subalgebra ofW x e(g^), where s = dim3(g). 
Proof. By [12J a flat Lie algebra {g,g) decomposes orthogonally as 

(2) 9 = i)®b, 

where f) is an abelian Lie subalgebra, b is the abelian ideal defined by {B G g : Vs = 0} 
and 

adx : b — s> b 

is skew-symmetric, for any X G f). We observe that the choice of b, the fact that V is 
torsion free and that f) is abelian imply 

(3) adx = Vx, for any X E i). 
The above equation and the choice of b imply 

(4) ad:[)^so(g) 
is injective. 

We notice next that the decomposition Q implies that g^ C b, hence b decomposes 
orthogonally as 

b = D ©g^ 
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We show below that = 3(3), where 3(g) denotes the center of q. In particular, q will 
decompose orthogonally as 

S = 3(0)©f)©0\ 

with f) and abelian and such that i) holds. To show that is even dimensional, assume 
that dimg^ = 2m + 1. Since adx, X & f), is a commutative family of endomorphisms in 
so (2m + 1), they are conjugate to elements in a maximal abelian subalgebra of so(2m + 1), 
hence there exists Z & such that adx(-Z^) = for any X G f), therefore ^ € 3(g) H g^, a 
contradiction. 

Since adx : g^ ^ 0^ and it is skew-symmetric, for any X E i), it preserves t). Therefore, 
[X, d] C D n 0^ = for X e () and t) C 3(0) follows. On the other hand, if F G 3(0), then: 

= g{[Y,X],U) = g{Y,[X,U]), 

for every X E i), U G 0^, that is, 3(0) ± 0^ since 0^ = [f), g^]. From 3(g) n f) = one has 
that = 3(g). 

Finally, using ((H) one can compute Vr = for y G 3(g). This together with Q 
imply a) and the proposition follows. 

□ 



We will say that two flat Lie algebras {qi, gi) and (02, (72 ) are equivalent if there exists an 
orthogonal Lie algebra isomorphism rj : gi ^ 02. Note that i] : 3(01) ^{02), ^ : 0i — ^ 02 
and therefore ?7 : f)i — > {)2 (see Proposition 12. ip . Let adj : f)j — > so{g}), i = 1,2, be 
the corresponding injective maps induced by the adjoint representation on g^. Then the 
following diagram is commutative: 



V 



adi 



ad 2 



[)2 ^ so{gl) 

where denotes conjugation by 77. Conversely, it follows from Proposition 12 . II that every 
flat Lie algebra with 2m dimensional commutator and s dimensional center is equivalent 



to 



X, 



[)2m 



zero Lie brackets being 



where p : R'^ — so (2m) is injective, p(R'^ 
[X, Y] = p{X)Y, X eR'' 



t>2m 



p2m 



the only non 



Y E 



2m 



Given a fiat Lie algebra 



X 



, the family {p{T) : T G M''} C so(2m) is an 



abelian subalgebra, then it is conjugate by an element in S0{2m) to a subalgebra of the 
following maximal abelian subalgebra of so (2m): 



01 



-01 





-0. 
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with respect to an orthonormal basis {/i, . . . , /2m} of M^™. In particular, k < m and we 
may assume that any flat Lie algebra is equivalent to a Lie algebra such that p{M.^) C f". 



Let 9 



be the real m x k matrix of rank k such that 



/O -9'^ 



(5) 







V 



l<a< k, 

-^^^ 
/ 

The condition p(]R^) 



p2m 



p2m 



IS 



where {ei, . . . , e^} is an orthonormal basis of B 
equivalent to the fact that every row 9^ of 9 is non zero. 

We introduce some notation that will be used in the next result. Let M{k, m; k) be the 
set of m X k real matrices of rank k. M{k,m; k) can be viewed inside End(]R'^,so(2m)) 
by means of the inclusion p: 

M(A;,m;fc) End(M*^,so(2m)), 9 ^-^ pe. 

We identify M{k^m\ k) with its image under p and let 0{k) x 0{2m) act on M{k,'m; k) 
as follows: 

(6) 0{k) X 0{2m) x M{k, m; k) M{k, m; k), (A, B, pg) ^ Bp^eA)B'\ 

where BpeB-^ e End(M^so(2m)) is defined by BpeB'^T) = B pe{T) B~\ T e It 
follows from the definition of equivalence between fiat Lie algebras that 



IX 



t)2m 



Pe 



X, 



t)2m 



if and only if pg and pg> lie in the same 0{k) x 0(2m)-orbit. 

The next proposition summarizes the above results and gives the classification of flat 
Lie algebras that will be needed in the next section (see also (Hj). 

Proposition 2.2. Let {Q,g) be a flat Lie algebra, dimg^ = 2m, dim3(g) = s. Then there 
exists 9 = ( 



orthogonally as 



G M(k, m; k) such that 9/3^0 for every 1 < /3 < m and g decomposes 







X 



t)2m\ 



P0 



where M'^ ix , 



D2m 



p2m 



has an orthonormal basis {ci, . . . , e^, /i, . . . , /2m} and T G M'^ acts on 



(7) 



in the following way: 



Pe{T) 



( -(T,^i) 

(r,^i) 





where ( , ) denotes the Euclidean inner product on M'^. Moreover, 



{T,9m) 





X, 



\>2m 



X 



\>2m 



Pe' 
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as flat Lie algebras if and only if pg and pgi lie in the same 0{k) x 0{2m)-orhit under the 
action 

Remark. Note that the Lie algebra R^™ is a Lie subalgebra of the Euchdean Lie 

algebra e(2m): 

AT) W 







T G R^, We M^™. However, the inner product on R'^ R^"* is not the one induced 
from e(2m). 

The next corollary follows from the description given in Proposition 12.21 

Corollary 2.1. Any even dimensional flat Lie algebra is Kdhler flat. 

Proof. Let Qo = W X (R'^ R^"^) be as in Proposition 12. 21 and J the endomorphism of gg 
such that = —id, Jf2i+i = /2i, = 0, . . . , m — 1, and J is orthogonal preserving R* x R'^. 
The integrability of J, that is, the vanishing of Nj, follows from pg(T)J = Jpg(T), for 
any T e R^. Moreover, VJ = since Vt = pe{T), for T G R''. Therefore {Q,J,g) is 
Kahler fiat. □ 

3. Hyper-Kahler Lie groups 

We apply Proposition 12.11 to give a characterization of the Lie algebras carrying a 
hyper-Kahler structure {{Ja},g)- 

Proposition 3.1. Let {Q,{Ja},g), ol = 1,2,3, be a hyper-Kahler Lie algebra. Then q 
decomposes orthogonally as 

= t©g\ 3(0) ct, 

with both t and abelian and Ja-invariant, a = 1,2,3, such that 

i) adxJa = Jaddx, for any X G t, a = 1, 2, 3; 

a) g{adxY, Z) + g{Y, adxZ) = 0, for any X e t,Y,Z e Q. 

Proof. Since a hyper-Kahler Lie algebra is flat T], g decomposes orthogonally as 
= 3(0) ® f) ® 0^ s-^d the conditions of Proposition 12. II are satisfied. Set 

t = 3(0)©f). 

We show next that if {q, {Ja}, g), ol = 1, 2, 3, is a hyper-Kahler Lie algebra then t and g^ 
are Jo-invariant, a = 1, 2, 3, and that condition i) is satisfied. Observe that if X G t and 
B G g^, using that VJq, = and ii) of Proposition 12.11 one has 

Ja[X, B] = JaVxB = [X, JaB], 

therefore, i) follows. Since g^ = [P),g^], the above equation also implies that g^ is Ja- 
invariant and the decomposition t © g^ satisfies the desired properties. 

□ 
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We will say that two hyper-Kaliler Lie algebras (g, {Ja}, g) and (g', {J'^}, g') are equiva- 
lent if there exists an equivalence rj of metric Lie algebras such that rjJa = J^?7, a = 1,2,3. 
Consider the hypercomplex structure on 

= . . . , Wg) ■.Wa = Ua + yj + Zaj + Wak : M„, Za, Wa E M} 

given by right multiplication by —i, —j, —k: 

Jl = R-i, J2 = R-ji J3 = R-k- 

We identify = M^"? with the Euclidean metric and let Sp(g) = 0{Aq)n GL (g, ] 

GL(g, H) = {T G GL{Aq, R) : TJ^ = J^T, a = 1,2, 3}. 
Let be the following maximal abelian subalgebra of the Lie algebra sp{q) of Sp(q'): 



where 



r /o 








(8) 




















-c 



v 























/ 



We obtain the analogue of Proposition 12.21 using the same procedure as before. Observe 
that, in this case, W x (R^ H^) ^ x (R^ x^^, H"?) as hyper-Kahler Lie algebras if 
and only if po and pe' lie in the same Sp(p) x Sp(q')-orbit, where s + k = 4p and the action 
of Sp(p) X Sp(g) is the analogue of 



Proposition 3.2. Let {q, {Ja}, g) be a hyper-Kdhler Lie algebra with dimg^ = 4g and 
dim 3(0) = s. Then there exists 6 = {9^) G M{k, q; k) , s + k = ip, such that 6p ^ Q for 
1 < /? < g and 

g ^ X (M'= Xp^ W^). 
R^ Xpg is the Lie algebra with orthonormal basis 

{ei, . . . , Ck, fl, fli, flj, flk, ...,fg, fgi, fgj, fgk} 

such that an element T G M'^ acts on W by 



(9) 



AT) 
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where Pg{T) is the following 4x4 real matrix: 



( -(T,0^) \ 

(T,^^) 

-{T.Qp) 

\ (T,^^) / 



and ( , ) denotes the Euclidean inner 'product on M^. The Lie algebra H'') is 

hyper-Kdhler with its natural hypercomplex structure obtained by extending R-i, R-j, R-k 
on H'' with any pair of anticommuting complex endomorphisms on W x R'^ and the canon- 
ical inner product. Moreover, 



X (M'^ Xp^ ff) 



X (M^ X, . W^) 



as hyper-Kdhler Lie algebras if and only if pg and pgr lie in the same Sp{p) x Sp{q)-orbit. 



3.1. Examples. As a consequence of Proposition 13. 21 we have that there is a one param- 
eter family of 8-dimensional hyper-Kahler Lie algebras Qg: 

(10) 00 ^ X (R XgH), 

where R Xe EI has an orthonormal basis {ei, /i, fii, fij, fik} and ei acts on EI as follows: 



ei 



/O -9 

e 



V 



-9 
9 J 



Note that these are pairwise non equivalent flat metric Lie algebras for different values of 
6, but they are isomorphic Lie algebras for ^ 7^ 0. 

In dimension 12 there are infinitely many non isomorphic Lie algebra structures ad- 
mitting hyper-Kahler metrics. In fact, for a fixed real number s 7^ we define 0^ = 
R'^ X (R Xs EI^), where R x^ EI^ has an orthonormal basis as in the statement of Proposi- 
tion EIH with Ci acting on as follows: 



/O -1 
1 



Ps{ei) 



\ 



-1 

1 



-s 
s 



-s 
s / 



It turns out that Qs and Qr are non isomorphic for s ^ r. 
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We describe below the Lie bracket on = 'E} Xp^ ff: 

[{X, W), {X', W')] =(0, t{{X, e,)Wi - {X', e^)W^), t{{X, e,)W'^ - {X', 9,)W,)) 
^ ' HO,Pe{X)W'-pe{X')W), 

X, X' e R\ 

The product on the simply connected Lie group = M'^ 1x51 with Lie algebra is 
given as follows: 

(12) (X, w) ■ (X', W) = (X + X', + e{x)w'), 

where X, X' e M^ W, W e H?, W = {W[, W'^) and 

(13) e{X)W' = (e^<^'^i>^^i', . . . , e^<^'^«>l^^). 

Using that (X, W)~^ — —(X, 9{—X)W), conjugation by (X, W) is given as follows: 

j(x,w)(^', W) = (X, w) ■ (X', W) ■ (X, w)-' = (X', w + e{x)w' - e{x')w) 

and therefore 

(14) Ad(X, W){X', W) = (X', e{X)W') + [(0, W), (X', 0)] = (X', 0{X)W' - pe{X')W), 

for X,X' e M^ VI/,V7' G ff. 

The left invariant fiat metric g on M.^ t<pg in coordinates (xi, . . . , x^, W^i, . . . , Wq), 
where Wj = {uj, yj, Zj, Wj), is the Euclidean metric 

k q 

g^Y^ dx] + Y^{du] + c/y| + dz] + rf«;|). 

j=i i=i 

We will need to express the Euclidean metric on 'Mfl in coordinates adapted to the 
hyper-Kahler moment map. Any quaternion may be written as 

Wp^e'^^'^ap, /3=l,...,g, 

with ■0/3 e (0, 47r] and ap is pure imaginary, so that a^j = —ap- Let 

The flat metric on 'Mfl in coordinates (■0^3, r^), /3 = 1, . . . , g, is given by 

(15) \ Yl (7^4 + '^/^(^^/^ + • ^^/^)') ' 
where 

= Ir^jj, curl(12;3) = grad 

(the curl and grad operations are taken with respect to the Euclidean metric on with 
cartesian coordinates r^). 
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4. Completeness of the hyper-Kahler quotient metric 

According to Proposition 13.21 any simply connected Lie group with a left invariant 
hyper-Kahler structure is of the form Ge = W x [W^ Kq W) {k<q, s + k = Ap) with 
the hyper-Kahler metric g = gi x g2, where gi is the Euclidean metric on x M'^ and g2 
is the Euclidean metric on I¥. Let Qg be the Lie algebra of Gq. The associated Kahler 
forms: 

uj^{{Xi,Wi), (X2, W2)) = g{Ja{Xu Wi), {X2, W2)), (Xi, Wi), {X2, W2) G 0,, 
a = 1, 2, 3, when left translated to Gq become: 

where w^, j = 1,2, a = 1,2,3 are the standard symplectic forms on a vector space. 
Therefore, {Ge,g,uJa) is equivalent, as a hyper-Kahler manifold, to the product 

(16) (M^xM^(7l,K})x(e^(72,K}). 

We will apply the hyper-Kahler quotient construction due to ^ to the case when L is 
the connected closed abelian Lie subgroup M' C M'^ with Lie algebra [ = spauj^jei, . . . , e/} 
such that [ is isotropic with respect to uoa for each a. The action of L on Gg will be given 
by left translations, therefore it preserves the hyper-Kahler structure. We recall next the 
quotient construction in our particular case. 

Let Xy be the vector field generated by the action of L, that is, the right invariant 
vector field such that = where F G l. Observe that 

= LxyUa = d{i{Xv)uJa) + i{Xv)dua, 

where i{Xv)uJa denotes the 1-form obtained by taking the interior product with Xy- Since 
the action is symplectic with respect to u^, a = 1, 2, 3, we have that i{Xv)uJa, a = 1,2, 3, 
is closed. Gg is simply connected, thus H^f^{G0,M.) = {0} and i{Xv)uja is exact, that is, 

where is a Hamiltonian function associated to V . Putting all these functions together, 
we obtain a map to the dual space of the Lie algebra of L 

defined by 

^i'^{X,W)iV)=fi'liX,W). 

L acts on [* by the coadjoint action. When the ambiguities in the choices of //^^ may be 
adjusted to make /i^ L-equivariant, one has the hyper-Kahler moment map 

/ : ^ r ®ImH, 
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defined by /i = /i^z + /i2j + fJ-^k. Our choice of L implies tliat /i^, is L-equivariant for eacli 
a. Indeed, tlie action A of L on Gg given by left translations: 

A ' L X Gg > Gg 

i{V,0),{X,W)) ^ {V,0)-{X,W) = iV + X,9{V)W) 

(recall p2|) ) can be viewed diagonal action of L: 

A{V){X, W) = {A,{V)X,A2{V)W), 

where Ai acts by left translations on W x M'^ and A2 is a linear symplectic action on W^. 
The moment map corresponding to A can be obtained by adding up the moment maps 
of Ai and A2 since fll6|) holds. By a direct calculation one has (see |6j): 

/i^(X, W^)(y) = u;,(y, X) + ^u^{pg{V)W, W) 

(see (jllll ). The L-equivariance of the first term follows since L is isotropic and the second 
term is L-equivariant since it is the moment map of a linear action on a symplectic vector 
space (see P). 

Let ^ e be a regular value for fi^, where 3 is the subspace of [* of invariant elements 

under the coadjoint action, and consider the quotient L\{jj^)~^{^). According to jB.., when 
the action of L on (/i^)~^(0 is free with Hausdorff quotient manifold L\(/u^)~^(^), the 
hyper-Kahler metric on Gg induces a hyper-Kahler metric on L\(/i^)^^(^). 

Our hypotheses imply: 

(1) the center of [*, that is, the invariant elements under the coadjoint action, coincides 
with [* since L is abelian; 

(2) the action of L on Gg is free, hence it is free on (/i^)^^(^), for any ^ = + ^2] + 
^^k G Im . In particular, any ^ G Im is a regular value of the hyper-Kahler 
moment map; 

(3) since L is closed in Gg and acts by left translations, the set of right cosets L\Gg 
is a Hausdorff manifold and so is L\(/i^)~^(^), for any ^ e Im^u^. 

Therefore, L\(/i^)^^(^) inherits a hyper-Kahler metric. 

We show next that the hyper-Kahler metric on L\(//^)~^(^) is always complete. The 
left invariant metric g on Gg induces in a natural way a metric g on L\Gg such that the 
natural projection 

TT : {Gg,g) -> {L\Gg,g) 
is a Riemannian submersion. The completeness of g implies that g is also complete (see 
[7j). Since ^ is a regular value of fi^, (/i^)^^(0 is a closed embedded submanifold of Gg 
and one has the following commutative diagram: 

Gg — ^ L\Gg 

where the vertical arrows are the natural inclusions. 
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Since jji is L-equi variant, it induces a map 

/i^ : L\Ge ^ r ® ImH 

and ^(0 = /"^ (0- Then L\^^ ^(^) is a closed (i-dimensional embedded subman- 

ifold of L\Gg {d = dimGg — 4dimL) and the induced metric is complete. By O'Neill 
formula (^J 3, Corollary 1]) the sectional curvature of L\Gq is non negative. Note that 
I C [fle, ge]"*", hence the fibers of tt are totally geodesic since VtV = for T, 1/ G I (see 
Proposition 12. ip . 

We summarize the above paragraphs as follows: 

Theorem 4.1. Let (Gg, { Jq,}, (?) he a simply connected hyper-Kdhler Lie group, so that 
Ge = W X (M.^ Kq H^), k < q, s + k = Ap. Fix a connected closed abelian isotropic 
subgroup L C M'^ acting on Gg by the action A as in (fTTj) and denote by n : Gg ^ L\Gg 
the associated Riemannian submersion. Then 

(1) the action A of L on Gg is free and preserves both, the metric g and the symplectic 
forms uJa, <y = 1,2,3. The L-equivariant moment map is /i^ = fi{i + fi2j + /^s^, 
with given by 

/i^(X, W){V) = u^{V, X) + ^uMV)W, W), 

for any X e W x R'' ,W e ,V e I; 

(2) L\Gg has non negative sectional curvature. Moreover, the fibers of n are totally 
geodesic; 

(3) for any ^ G Imfi^, L\ijf (^) is a closed embedded submanifold of L\Ge and the 
hyper-Kdhler metric on the quotient L\[yf)~^ is complete. 



5. Examples 

In the next examples we show that it is possible to describe families of known hyper- 
Kahler metrics 4] in a unified way, by applying the quotient construction to hyper-Kiihler 
Lie groups G with the action of a suitable abelian subgroup L by left translations. 

5.1. Taub-Nut metric. Let Qe be the one parameter family of hyper-Kahler Lie algebras 
in dimension 8 (see ((101)) Gg the corresponding simply connected Lie groups. Let M 
be the subgroup of = HI Kg EI given by (t,0), t G M, and let it act on Ge by left 
translations, that is: 

RxGe ^ Ge 
it,iq,w)) ^ it + q,e'''w). 
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Observe that Im EI acts trivially on the second factor. The corresponding hyper-Kahler 
moment map is 

Q 

fj.^ = —lra{q) — - (Re{iwiw)i + Re{iwjW)j + Re{iwkw)k) 
= —Lm[q) + -wtw. 

It can be checked that fi^ is L-equivariant. The complete hyper-Kahler metric on M\(//^)^^(0) 
is the Taub-Nut metric with parameter [4^. 

5.2. Generalized Taubian-Calabi metric. Let ^ = (^i, . . . , 9^) e M"", Ge = MKe IHT 

and M = {(t, 0) : t E M} acting on Gg by left translations: 

RxGg ^ Ge 
{t,{q,Wu...,Wm)) (t + g,e^^^*U)i,...,e*^'"*U)^). 

For m = 1 this is the Lie group considered in the first example. The corresponding 
hyper-Kahler moment map is 



^ m 

(3=1 
^ m 

= -lm{q) + 2 9pw^iwp. 

(3=1 

When 9p = 1, for each f3, the complete hyper-Kahler metric on ]R\(/i^)~^(0) coincides 
with the Taubian-Calabi metric [T^ Bj. 

5.3. Lee- Weinberg- Yi metric. Let 9 G GL(m,M), Gg = k^H'" and 

R" = {((ti,...,U,0) : gR} 
acting on Gg by left translations: 

R^'xGg Gg 
{(ti, . . . ,tm),{qi, . . . ,qm,Wi, . . . ,Wm)) {ti + qi, . . . , tm + qm, 

where T = (ti, . . . ,tm), 9^ are the rows of 9 and ( , ) is the Euclidean inner product in 
W^. The corresponding hyper-Kahler moment map is 



^ m 1 \ 

Tm(gi) + 7;^ 9lw^iWf3, -lm{qm) + 7;^ 9Jw^iwp 



2 / J " p M — M J 3 — ' 2 

/3=1 /3=1 



The complete hyper-Kahler metric on R\/ig^(0) is the Lee- Weinberg- Yi metric with 
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6. Topology of the quotient and local description of the metric 

Let Ge be the simply connected hyper-Kahler Lie group x (M^ Kq W^) [s + k = 4p, 
k < q), e e M{k,q; k) and OiW) = H«. Let L C be a closed abelian sub group with 
Lie algebra [ = span]g{ei, . . . , e^} such that [ is isotropic with respect to Ua, for each a. 

Let T'^ be the maximal torus of Sp(g) with Lie algebra f (defined in (jSJ) whose elements 
are of the form: 

(18) B=\ 

\ B( 




where 



and B{(f)p) is the following 4x4 real matrix: 

/ cos{(j)fs) — sm{(f)fs) 
sin(0/3) cos(0;3) 



v 















COS(0;3) 

sin((^^) 







- sin(0/3) 



We have an action ip of T'' on Gq: 

ifi-.T'^xGe 



(19) 



Go 

if{g,{X,W)) = {X,BW), 

where BW stands for the product of the Aq x 4g matrix B given in (fTHj) by the column 
vector W E = M^"?. Note that the action (f commutes with A (see (II 7p ) and both, 
A and preserve the metric and are tri-holomorphic. Therefore, T"? also acts on the 
hyper-Kahler quotient by tri-holomorphic isometries. Moreover, the next theorem shows 
that when I = p = q, so that the quotient has dimension 4g, the T'^-action has a unique 
fixed point. 

In the next theorem we give the explicit description of the moment map and show that 
the quotient manifold is diffeomorphic to the Euclidean space. 

Theorem 6.1. Let Gg = W x (M*" Xg ff) be a hyper-Kahler Lie group, s + k = Ap, 
9 G M{k,q;k), L the connected closed abelian isotropic subgroup L C M*^ defined above 
and A, (/? as in ()17|) . (I19|) . Then 

(1) the expression of the moment map is 



(20) fi\X,W) = -ImXi 



-ImX, 



1 



0=1 



0=1 



for {X,W)eGe; 

(2) we have the following diffeomorphisms: 

L\(/i^)-^(0) ^ M4p+4g-4i^ ^y^^ ^ ^4p+4,-i. 

(3) the torus T'^ acts on L\{fi^)^^{0) by tri-holomorphic isometries. If I - 
action of on the 4g dimensional quotient has a unique fixed point. 



p = q, 



the 
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Proof. In order to prove the second assertion we will find global coordinates on ^(0) 
and L\G0. For {X, W) e Ge, (T, 0) e L, set 



(21) X = ^ea{Xa + bai + SaJ +Pak), T = y^JaCg, 

a=l a=l 
Q 

(22) W = ^faiUa + Vai + Zaj + Wak). 



a=l 



It follows that {xa, s^,p^, Up, y/3, zp, wp), with a = / + 1, . . . ,p, 7 = /, . . . ,p, 

j3 = l,...,q, are global coordinates on L\Gg and therefore L\Gg is diffeomorphic to 

]^4p+4g-; Using the fact that the hypercomplex structure corresponds to 

Ji = -R-i, J2 = J3 = R-k 

and that the metric g is such that the real basis 

{ea, ej, Caj, Sak, fp, fpi, fpj, fpk, l<a<p, l</3<g} 

is orthonormal, we get the following expression of the moment maps /i.^^, 7 = 1,2,3, in 
terms of the real coordinates on W and ff: 

a=l a=l \/3=l / 

I I / q 

fi%{X, W)(T) ^ + Y.^a[j2 + 

a=l a=l \/3=l 

I / q 



^ 9[T,^i-Sa + ^0'j^{-upWp + zpyp) 

\ a=l \ p=l 

I I / g 

a=l a=l \p=l 

\ a=l \ p=l J 
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or, equivalently, ^lU^ holds. On (/i^) ^(0) one has the following relations: 

f3=l 
1 

13=1 

1 

Pa = ^0'^{upZf3 + Wpyf3), 
(3=1 

for any a = 1 . . . ,1. Thus, one has that (xq,, b^, s.y,p-y, u^, yp, Zjs, wp), with a = 1, . . . ,p, 
7 = / + 1, . . . ,p, /? = 1, . . . , g, are global coordinates on (/z^)~^(0). 

Since the action of leaves invariant x^,b^, s^,p^, (7 > / + 1) and rotates the co- 
ordinates U/3,yp, Z/^,Wi3, P = l,...,q, one has that {x^,b^, s^,p^,Ui3,y/s, Zi3,W/3), with 
7 = I + 1, . . . ,p, P = 1, . . . ,q, are global coordinates on L\(/i^)~^(0). It follows that 
the quotient space is diffeomorphic to M^p+'^'J"'^'. 

3. It follows from ^ that: 

^{B){X,W) = {X,BW), 

B G T'i,{X,W) G Gg. Since the moment map for the action Lp is T'^-equivariant, ip 
preserves (//^)~^(0). In particular, the hyper-Kahler quotient admits a tri-holomorphic 
action of the torus T'^. 

Assume next that I = p = q, hence I Q) Jil Q) Q) Jsi = M''*'. Let vr be the natural 
projection from (/)-^(0) onto L\(/)-^(0). Then n{X,W), {X,W) G (/)"H0), is a 
fixed point for the action of T"^ if and only if 

{V,0) ■ {X,W) ■ {v,o)-' ■ {x,w)-' e L 

for every V G M^. We will show that 7r{X,W) = 7r(0,0), that is, 7r(0,0) is the unique 
fixed point. Using (jl9p and (jl2|) we calculate 

(y, 0) ■ (X, w) ■ {V, 0)-^ ■ {X, w)-^ = {V, 0) ■ (- v, w - {-v) - w) = {o,v -w -w) 

which belongs to L if and only if V ■ W = W for every F G M'^, hence W = 0. Since 
(X,0) G (/)"H0) it follows that uJa{V,X) = for every F G [, a = 1,2,3, and the 
assumption on I implies that X E I. Therefore n{X,0) = 7r(0,0), as asserted. □ 

Using the fact that the quotient admits a tri-holomorphic T'^-action, we can obtain the 
local expression of the hyper-Kahler metric in terms of the structure constants of the Lie 
group Ge- 

Observe that, if I = p, the quotient has dimension 4g, thus by jTUl US] the induced 
hyper-Kahler metric can be locally written as follows 

(23) ^Hp-ydrp ■ dr^ + -^H^^dr^ + n^s ■ dvs) {dr^ + ■ dr,), 
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where /3,7 = {HY"' is the inverse of the matrix {H)p^. The Kilhng vector 

fields generate the T^-action, "0/3, are defined as in ()15p and we assume Einstein 
summation convention. \i I < the quotient sphts as Riemannian product of the fiat 
Euchdean space M^^"^^ by a 4g-dimensional hyper-Kahler manifold with a tri-holomorphic 
T^-action. 

Theorem 6.2. The local expression of the hyper-Kdhler metric on the quotient L\{fi^)~^{0) 
is h = Hq + hi, where ho is the Euclidean metric on M^^~^' and hi is given by ()2H|) . with 

(24) (^^*) +1^ 

9 is the q x I matrix obtained from 9 by deleting the last p — I columns, 9^ is its transpose 
and rp = \r[^\. 

Proof. The action A given by (fTTj) of L on Go in the coordinates (xq, ba, SajPaii^is, T/j) is 
L X Gq — y Gq, 

(T, ijp, rp)) ^ (X„ + t^, + 2{9p, T),rp), 

with a = 1, . . . ,p, to, = for a > /, /3 = 1, . . . , g and -0/3, r^j are defined as in (jl 
The previous action leaves 

p 



Tf3 = IpfS -2^9'^Xa, /3=l,...,g, 

a=l 



invariant and ^ are Killing vector fields for the quotient hyper-Kahler metric and gen- 
erate the T^-action induced by (fT^. 
On y[x~^(0) one has 

1 

lmXa = -^9pf3, a=l,...,l, 



2 

/3=1 



SO the metric on fi ^(0) is 

j^dxl+j^ dilu^X^f + i E f E ^td^^ i^dvl + r^(#^ + ■ dvA . 

Q!=l a=/+l a=l \/3=l / /3=1 ^ ^ ^ 

Projecting orthogonally to the Killing vector fields a = 1, . . . , /, one gets that locally 

OX a 

the metric on the quotient is given hj h = Hq + hi, where 

p 

ho= J2 + dilmX^f) 

a=l+l 

and hi is given by ()23|) with the matrix H as in ()24|) . 

□ 
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